THE EQUIDISTRIBUTION OF SMALL POINTS FOR STRONGLY REGULAR 

PAIRS OF POLYNOMIAL MAPS 
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Abstract. In this paper, we prove the equidistribution of periodic points of a regular polynomial 
automorphism / : A" — > A" defined over a number field K: let / be a regular polynomial automor- 
phism defined over a number field K and let v £ Mk- Then, there exists an /-invariant probability 
measure /j,f tV on Berk(P^) such that the set of periodic points of / is equidistributed with respect 
to Hf, v - We will prove it by equidistribution of small points for strongly regular pair of polynomial 
maps. 
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1. Introduction 



Let / = (/i, • • • , f n ) '■ A n —> A n be a polynomial map denned over a number field K; i.e, we 
assume that /].,••■ , f n £ K\X\,--- ,X n ]. We say f is a polynomial automorphism if there is a 
polynomial map / _1 : A n — > A n which is the inverse of /. We say that a polynomial automorphism 
/ is regular if meromorphic extensions /,/ _1 of f,f, which are rational maps on P n , have no 
common indeterminacy point. Regular polynomial automorphisms are well studied in various field 

rq ; [21 El 11 El El El 13 ED [201 E21 [261 [36]. 

In this paper, we obtain an arithmetic equidistribution theorem for regular polynomial maps 
\Z) ' defined over a number field: 

Theorem A. Let f : A n — > A n be a regular polynomial automorphism defined over a number field 

K and let v E Mk- Then, there exists an f -invariant probability measure [if <v on the Berkovich 

projective space Berk (P^ ) such that the set of periodic points of f is equidistributed with respect 

to Hf,v : let {%m} be a sequence of periodic points of f such that \{x m } n W\ < oo for any proper 
C^ ■ 

subvariety W o/P n . Then 



■ \ 5 y weakly converges to fif tV 



ordx m 

where T Xm is the Galois orbit of x m and 5 y is a Dirac measure at y. 

Theorem A generalizes the known result for Henon maps on A^: Bedford, Lyubich & Smillie [7] 
proved that that the saddle periodic points of Henon map on A^ are equidistributed with respect 
to the measure of maximal entropy. Dinh and Sibony [14j have recently proved the corresponding 
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complex equidistribution result for periodic points of regular polynomial automorphisms on Ag for 
any n. In particular, the measure fif v in Theorem A at the archimedean place coincides with the 
measure of maximal entropy. 

The measures [i^ v are Chambert-Loir measures associated to a metrized adelic line bundle [10J. 
To obtain Theorem A, we use the arithmetic equidistribution results of Yuan |42j (see Theorem 2.3). 
As we shall explain, dynamical system of regular polynomial automorphism is not covered by Yuan's 
application in algebraic dynamics, as Zhang's dynamical adelic metric [H] is designed for polarizable 
endomorphisms on projective varieties while these polynomial automorphisms have indeterminacy 
in P n . In Section 6, we explain how to construct a "polarizable sequence of morphisms" from a 
regular polynomial automorphism in order to use the existing arithmetic equidistribution results. 

In fact, Theorem A is a special case of a more general equidistribution theorem for strongly 
regular pairs of polynomial maps of the same degree: 

Definition 1.1. Let f,g : A n — > A n be polynomial maps defined over a number field K and let h 
be the absolute logarithmic height function on P^L We say a pair {/, g} is strongly regular if it 
satisfies the following condition: 

• the meromorphic extensions of f, g have no common indeterminacy point. 

• c(f),c(g) < oo where 

c(/) := hmsup — — y . 

• deg/,deg5 > 2. 

• f°9 = 9°f- 

• f,g are algebraically stable: degf m = (deg/) m and degg m = (degg) m . 

• deg(/o 5 ) < min(deg/,degsO. 

Note that we will use the D-ratio version of the definition of the strongly regular pair later, which 
uses d(f),d(g) instead of c(f), c(g) for computational convenience. (See Subsection 2.3 for details.) 
The following theorem shows that a sequence of generic and small points is equidistributed with 
respect to a canonical measure: 

Theorem B. Let S = {f,g : A 71 —?■ A™} be a strongly regular pair of polynomial maps defined 
over a number field K such that deg/ = degg. Then, we have the equidistribution of small points: 
let {x m } be a generic and small sequence on P^r with respect to the arithmetic canonical height 
function hs- Then, for any place v € Mr, there is a probability measure fis,v on Berk(P^ ) such 
that a sequence of the probability measure on the Galois orbit of x m weakly converges to ^s,v 

As in Theorem A, the measures fj,s,v are Chambert-Loir measures associated to a metrized 
adelic line bundle (Opn(l),|| • \\s)- The metric is constructed by forming local Green functions 
(local escape-rate function) for the pair S = {/,<?}• Note that the local Green function Gs,- of a 
strongly regular pair 5 is a Weil function so that we have a Neron divisor associate to Gs,-, which 
is equivalent to a metrized line bundle. 
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Now suppose that / is a regular polynomial automorphism on A n . We apply Theorem B to 
obtain Theorem A, but we observe that the pair {/, / _1 } is a strongly regular pair of "different" 
degree if n > 2 - it is easily resolved by Proposition 17.21 Also, Theorem B requires a generic and 
small sequence consisting of periodic points. Theorem C allows us to apply Theorem B to obtain 
Theorem A. (See Section 7 for details.) 

Theorem C. Let f : A n — > A n be a regular polynomial automorphism defined over a number field 
K. Then, the set of periodic point of f is Zariski dense. 

Theorems A and B should be viewed in the context of a collection of "arithmetic equidistribu- 
tion" results obtained in recent years; the equidistribution of small points is first studied by Szpiro, 
Ullmo & Zhang [40]. After various research of Baker & Rumely pQ, Chambert-Loir [10] and Favre & 
Rivera-Letelier [16] . Yuan [22] proved it in arbitrary dimensions. Yuan's result is applied in various 
cases of algebraic dynamical systems defined over a number field: Yuan applied his theorem for 
polarizable endomorphisms and the author [29] used it for some automorphisms on K3 surface. 
Acknowledgements. I would like to thank Shu Kawaguchi for comments on good and bad reductions. 
I also thank Eric Bedford, Laura DeMarco, and Xinyi Yuan for helpful discussions and comments. 

2. Preliminaries 

Here's some basic terminology. We refer [32] for arithmetic height functions on a finitely 
generated field K over Q, [27] for details on the D-ratio, [11], [19] and [34] for the resolution of 
indeterminacy, [22] and [38] for the local Green functions. 



2.1. Notations. We set the following notations. 

/(/) the indeterminacy locus of a rational map / : P n — » P n 

K a number field 

v a prime place on K 

Mk the set of prime places on K 

M K the set of nonarchimedean places on K 

M^ the set of archimedean places on K 

K v the u-adic local field 

O v = Ok v the ring of integer of K v 

|| • ||„ the u-adic supreme norm on A^ 

II ' \\l = {|| • \\l,v I v € Mk} an adelic metric {|| • \\l,v \ v € Mk} on a line bundle L 

k = k v the residue field of K v 

f reduction map of / on P£ 

2.2. Equidistribution of small points. One of main ingredients of this paper is the equidistri- 
bution of small points. In this section, we introduce the theorem of Yuan [22]. Note that it requires 
the semipositive metric. 
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Theorem 2.1 (Yuan, |42j). Let V be a projective variety defined over a number field K, let 
L = (L, || ■ ||) be a metrized line bundle such that L is an ample line bundle on V and || • || is 
a semipositive adelic metric on L and let v € Mk- Define an arithmetic height function h-^ on the 
set of closed subvarieties W of V , 

c 1 {L\ v ^ mW+l 



h T {w) " lHir 



(dimVK + 1) ord L W 
and a probability measure on the Berkovich analytic space Berk(V(C„)) ; 

ci(L)f gy 
^ deg r V ' 

where c\(L) is the arithmetic first Chern form of L. (See [9, §2.1] for details.) Suppose that {x m } 
is a generic and small sequence. (Note that a sequence {x m } is called generic if {x m } has finite 
intersection with any proper subvariety of V and is called small if hj^(x m ) converges to h-^(V).J 
Then, the sequence of probability measures on the Galois orbit of x m weakly converges to /i-^ on 
Berk(PgJ. 

2.3. The D-ratio of polynomial maps. In this subsection, we introduce the basic idea of the 
.D-ratio. We will let K be a number field and let h be the absolute naive height height on P^ for 
convenience. 

In Definition ll.il we want that c(f),c(g) are finite. The reason why we require this condition 
is that we will use the following global and local height inequalities: 

Lemma 2.2. Let f : A™ — >• A™ be a polynomial map defined over a number field K and let v € Mk- 
Define 

c(/) := hnisup 

h{X)-yoo h(f{X)) 

xeAJj^ 
Suppose that c(f) is finite. Then, for any e > 0, there is a constant C e such that 

(c(f) + e)h(f(X))>h(X)-C e and (c(/) + e) log+ ||/(X)||„ > log+ \\X\\ V - C e 

for all X G A™ 

J K 

Proof. The first inequality is trivial because of the definition of c(/). For the second inequality, 
consider the resolution of indeterminacy of /: 

V 




T>n _ _ 
f 



EQUIDISTRIBUTION OF PERIODIC POINTS 5 

Let E = (c(/) + 7})(f)*H — tt*H and let D be an ample divisor on V. Then the fractional limit of 
E, defined on [28], is positive: let X = tt(Y). Then we get the following inequality. 

Flim^Tr-^A")) = limsup ^4S 

h D (Y)->oo n D{y ) 



lim sup 

hr>(Y)—>oo 

X=7r(y)eAIL 



W) + fjVg(g) - k*h(x) 

h D (X) 



> o. 

Therefore, E is a pseudo-effective divisor whose base locus lies outside of 7r -1 (A n ). Thus, a sum 
of a pseudo-effective divisor and a big divisor, 

E' = (c(f) + e)<f>*H -ir*H = E + ^<f>*H 

is an effective divisor whose base locus lies outside of 7r _1 (A ?1 ) \ \4>*H\ = 7r _1 (A ra ). Thus, Xe',v is 
bounded below on 7r~ 1 (A n ). Let X = n(Y) and get 

X E 'A Y ) = (c(/) + e)A^(0(F))-A^(7r(F)) 
= W) + e)\ H ,v{f(X))-\ H , v (X) 
> 0(1) 

by the functorial property of arithmetic height functions. Therefore, we get the desired result 
because X H ,v{ X ) = lo § + \\ X \U + 0{1). □ 

It is not convenient to consider e in every inequality. So, we will use the L>-ratio version of 
the definition of strongly regular pairs (Definition I2.4f) . It is a stronger condition than the original 
definition because we have the following inequality: 

c(/) < gf. 

deg/ 

(see [271 Theorem 7.3] for details.) Also, it is more convenient for regular polynomial automor- 
phisms: if we only consider the case of a regular polynomial automorphism, then polynomial maps 
$, ^f defined in the proof of Theorem B are regular polynomial automorphisms again and hence we 
know the D-ratios of $ and ^. In general, it is very painful to show that the D-ratios of <£, ^ are 
finite while it is clear that c( ( I ) ), c(^) are finite if r(f),r(g) are finite. It is the only reason why we 
define the strongly regular pair with c(/). 

Note that we consider a polynomial map / : A n —?■ A n as a rational map / : P n — > P n such 
that /(/) is contained in the infinity hyperplane H = P n \ A 71 . We can define the Z?-ratio for such 
rational maps. 

Definition 2.3. Let H be a hyperplane on P n and let f : P n — * P n be a rational map, defined over 
a number field K, such that 1(f) C H. Then, we can define the D-ratio of f : let V be a successive 
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blowup of P n with a birational morphism tt : V — > P n such that f o tt extends to a morphism (ft and 
let 

{H#,E lr -- ,E r } 

be a basis o/Pic(V) where H& is the proper transformation of H by tt and E\, ■ ■ ■ , E T are irreducible 
components of the exceptional divisor on V. We define the .D-ratio of / on V to be 

r(f) := deg / x max — 

t>i 

where tt*H = a H* + Yl a%Ei and (ft*H = b H* + £ 6^. 

Definition 2.4 (The D-ratio version). We say a pair of polynomial maps {/, g : A n — > A"}, defined 
over a number field K , is strongly regular if it satisfies the following conditions: 

• the meromorphic extensions of f, g have no common indeterminacy point. 

• r(f),r(g) < oo. 

• deg/, deg g > 2. 

• f°9 = 9°f- 

• f,g are algebraically stable: deg/ m = (deg/) m ,degg m = (degg) m . 

• deg(/ o g) < min(deg /, deg g). 

Remark 2.5. // you want to use Definition \1.1\ instead of Definition \2.4\ all d(f),d(g) will be 
replaced by deg/ • (c(/) + e) and degg ■ (c(g) + e) . For example, the v-adic norm inequality (|H|) in 
Section 3 

Ci||x|[~ < H/pOH <c 2 ||^|| d/ 

will be replaced by 

C h€ \\X\\^T)+-c < [|/(X)[| < c 2 \\x\\ d f. 

Lemma 2.6. Let H be a hyperplane on ¥ n , let f : P n — ♦ P n be a rational map, defined over a 
number field K, such that 1(f) C H, let faJL = F?L\H, let r(f) be a D-ratio of f and let v G Mr- 
Then, there are constant C and C v satisfying 

^lh(f(X))>h(X)-C forallXeA^, ^IL\ og + \\f(X)\\ v >log + \\X\\ V - C v 
deg/ K deg/ 

for all X e A!L. 

J K 

Proof. For the first inequality, see [271 Theorem 5.1]. For the second one, let tt : V — > P n be a 
birational morphism such that (ft = f o tt is a morphism providing a D-ratio r(/) on V. Then, 

r(f) 
E' = -^-L<j)*H - tt*H 
deg/ 

is an effective divisor whose base locus lies outside of 7r _1 (A n ). Therefore, Xe',v is bounded below 
on 7r^ 1 (A™). Thus, we have 

-J^-W^(Y) > K*h, v ( Y ) ~ C for all Y G tt~ 1 (A^). 
deg/ Y KJ 

Let X = tt(Y). Since Xh, v = \\X\\v + 0(1) and (ft(Y) = f(X), we get the desired result. □ 
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3. NONARCHIMEDEAN GREEN FUNCTIONS FOR A STRONGLY REGULAR PAIR 

Kawaguchi [22] showed that the local Green functions of a regular polynomial automorphism 
have nice properties. In Section 3,4 and 5, we show that the local Green functions of a strongly 
regular pair also have similar properties. In this section, we study the local Green functions of 
a strongly regular pair of polynomial maps at a nonarchimedean place v. Note that we use the 
topology induced by a metric | • | = | • \ v on K v , not Zariski topology. We refer [22] for details on 
the local Green functions of polynomial maps. 

Proposition 3.1. Let f : A n — > A n be a polynomial map defined over K . Then, the local Green 
function of / at v is well-defined: 

G f (X) = G f , v {X) := Jim ^-L-log+ ||/™ (X)\\. 



m— >oo 



Moreover, we have 

G f (X) <log+||X|| + C 
for some constant C. 

Proof. See [221 §.1]. □ 

Theorem 3.2. Let K v be an algebraically closed field with nontrivial nonarchimedean valuation 
and let S = {f,g : A n — >• A n } be a strongly regular pair of polynomial maps defined over K v . Then 
there are open subsets Vf,V g of A^ and constants Cf,C g with the following properties. 

(1) V f UV g = A- Kv . 

(2) G f (X) > log+ \\X\\ + C f on V f . 

(3) C? g (X)>log+||X|| + C 9 onV g . 

Proof. (1) To find such open sets, we need clarify the relation between /, g and fog. Let df,d g 

be degrees of / and g respectively. Since /, g are polynomial maps, we can consider /, g as 
rational maps on P n and write 



f{X)=\xZ f ,F lr ..,F n ], g(X) 






where Fi,Gi are homogeneous polynomials of degree df and d g respectively. Because f,g 
are jointly regular, {Xo,-Fj,Gj}j g / has no nontrivial common zeros. Hence, by Hilbert's 
Nullstellensatz, we have an integer M and homogeneous polynomials Pij,Qij,Rj satisfying 

n n 

(A) Yl p iA x ) F i(X) + Y. Qij(X)Gi(X) + X Rj(X) = Xf. 

i=\ i=\ 

Note that deg P^ = M - d f , deg Q {j = M - d g and deg Rj = M - 1. 

By the assumption deg/ o g < min(d/,d ff ) and fog = g o /, all component of / o g 
and g o f has a common divisor of degree / = dfd g — deg(/ o g). Moreover, since the first 
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component is X f 9 , the common divisor is Xq. 

fog = [xi fd3 ,F 1 (g(X)),---,F n (g(X)) 

= 'x d ^- l ,F 1 (g(X))/X l ,---,F n (g(X))/X l 



and 



7-dtd, 



gof = X^^difiX)),--- ,G n (f(X)) 



r dtd„—l 



Xl fa9 -\G 1 (f{X))/Xl---,G n (f{X))/X\ ) 



Hence, we get 



(B) F i (g(X))=G i (f{X))=X l J i {X) for alU = 0, ■ ■ ■ ,n 

where J%{X) are homogeneous polynomials of degree dj = dfd g — I = deg(/ o g). 
Let 

Co := maxj \a\ | a = 1 or a coefficients of one of -Fj, Gi, Pij, Qij,Rj, Jj} 

and take two positive numbers 

e = Cq -4 , and 5 = Cq 2 . 

Then, e, 5 are positive constants satisfying the following: 

r 1 x 1 

e< —,S< — , 

( C ) ^ e d ~ dj C < 5 where d = min(<i/, d g ) and 

e'Co < <5 2 where / = dfd g — dj. 

Note that dfdg > 2 and dj < min(df, d g ) so that / is an integer larger than 2. 
Define two open sets 



V f := V f , e ,s = |X € A£„ 
and 
^ == *W = {x € A£„ 



|X|| < - or max(||/(X)||,l) > 5m&x(\\X\\ d f , l) 1 



X|| < - or max(|| 5 (X)||,l) > 5max(||X|[ d «, l) 



Then, V f U V g = A^: suppose there is a point X = [l,Xi, • • ■ ,X n ] £ A n \ (V f U V g ) 
Then X satisfies the following three inequalities 



1 



and 



X||>->1, <5max(||X|| d /,l) > max(||/(X)||, l) 



<5max(||X||^,l) >max(|| 5 (X)||,l). 
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We may assume that \\X\\ = sup \Xi\ = \X n \. Applying || • || to ((21) when j = n, we get 



I Y\\M _ I vMi 
A — A„ 



< max(|[P m || • ||/(X)||, ||Q in || • ||<?(X)||, [#„[) 

< max(Co||X|| M - d / ■ <S||A'|| d /,Co||A'|| M_dfl • (J||Jf|| d », Coll-Xll^ -1 ) 

< ii^ir 

which is a contradiction. 

(2), (3) We start with the following claims. 

Claim 1. 

f(V f ) C Vf. 

Proof of ClaimUl Let X = [l,Xi, • • • ,X n ] G Vf be a point such that f(X) Vf. By 
definition of Vy, f(X) should satisfy two inequalities: 

(D) \\f(X)\\>-^ and max(||/(/(X))||,l) <5max(||/(X)|| d /,l). 

We showed A n = Vf U V g on (1). So, f(X), which lies outside of Vf, is an element of V g : 
X satisfies either 

\\f(X)\\<- e or 5max{\\f{X)\\^,l)<max{\\g(f(X))\\,l). 

However, because of ([D]), the first one cannot happen: X should satisfy (pDj) and 

(E) <5max(||/(X)|| d M) < max(|| 5 (/(X))||, l) . 

Let's show that there is no such X £ Vf satisfying (|D|) and (JE|). X £Vf satisfies either 

||X||>- or max.(\\f(X)\\,i)>8max(\\X\\ d t,l). 

If \\X\\ < -, then consider ||gi(/(X)J||. Since / o g is a polynomial map of degree dj, we 
have 



| 5 (/(X))|| = maxlll'JipQH < C \\X\\ d ^ < C ( ~ 



dj 



On the other hand, because of (jEj) and the first inequality in (jDJ), we have 

max(\\g(f(X))\\,l) >5max(||/(X)|| d M) > S\\f(X)\\^ > 6 Q 

So, we get CQe da ~ dj > 5. But, from a property of e and <5, we have 
e d g -d J(Jo < e d-d JC , Q < £ where d = min ( d/j dg ^ 

which is a contradiction. So, X should satisfy 

\\X\\ > - and max(||/(X)||,l) > 6max(\\X\\ d f ,1). 
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However, combine it with fE|) and get 

(F) max(|| 9 (/p0)||,l) >5max(||/(X)|| d M) > 5 2 max(\\X\\ d f d \l). 
On the other hand, we have 

(G) max(\\g(f(X))\\,l) < C \\X\\ d ' < C e l \\X\\ d f d * . 

Thus, (|Fj) and ((G|) induce that Cq€ 1 > 5 2 , which contradicts to (B). □ 

Claim 2. For any X € Vt, we have 

max(||/(X)||,l) >C/(max||X|| d /,l) 
where Cf = min{<5, e d f}. 
Proof. Let X G Vf. X satisfies either 

||X||<- or max(|[/(X)||,l) >5max(|[X|| d /,l). 

If the former one holds, then we have 

d 



C f \\X\\ d f <C f 0-] f <l<max(||/(X)||,l). 



For the latter case, it is clear because Ct < 8. □ 

Let's complete the proof of (2) and (3) by using Claim 1 and Claim 2. Let X £ Vf. 
Then, by Claim [H f m {X) € Vt for all m > 0. Apply the logarithm to the inequality in 
Claim [2] and get 

log+ ||/(r m )|| > d/log+ \\Y m \\+logC f 
for all Y m = f m {X) € Vf. Therefore, we get the desired result by the telescoping sum: 

G f (X) = lim -Llog+\\r(X)\\ 



oo / 

lo g + ii^ii + Ebr lo g + ii/ m ( x )ii-^T lo g + n/ 

m=l V / / 



+ II fm—1 



Wll 



> log+HXll + ^^C/. 

m=l / 



D 



Recall that the local Green functions are defined by the pointwise limit. It is not enough for the 
construction of a semipositive metric later - we need that the dynamical metric is semipositive to 

get the equidistribution. So, we want that a sequence < — log + ||/ m (X)|| > is uniform convergent. 

[ d f J 
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Proposition 3.3. 

G f = lim ^log+||/ m (X)|| and G g = lim -L log+ \\g m {X)\\ 
j y 

are uniformly convergent on Vf and V g respectively. 

Proof. Let X £ Vf. X satisfies either 

\\X\\<e~ l or max(||/pO||,l) > 5max.(\\X\\ d t ,1). 
By Lemma 12.61 we have 

(H) Ci||X||^T <\\f(X)\\<C 2 \\X\\ d f 

where r(f) is the D-ratio of /, which is not smaller than 1 [27j Proposition 4.5]. Divide (|H|) by 

||X|| d / to get 



\X\\ d f 



KT)~ d f 



If ||X|| < C3 = e 1 , then the lower bound is smaller than CiC 3 because ^Xr — aj 

and \\X\\ < C3. Take the logarithm and the absolute value to get 



d f < 



log 



ll/POII 



|X|| d / 



< max ( log Ci + Id 



d 



'/ 



/ 



'(/) 



I log C 3 1 , |logC 2 



If \\X\\ > e- 1 and max(||/(X)||, 1) > 5m&x(\\X\\ d f , 1), then 5\\X\\ d f > Se^s > 1. Thus, we 
have 

m a x(\\f(X)\\,l)>8\\X\\ d f>l, 

which guarantees ||/(X)|| > 1. Hence, we get 



\f(X)\\>5\\X\ 



and 



log 



\\f(X)\ 



\X\\ d f 



~ x d f ~ 



< max (- log 5, 1 log C 2 1 , ) . 



Let 



M = max logCi + df 



Then, by the telescoping sum, we get 



1 



r{<j>) 



|logC3|,|logC 2 |,-log5 



log HfWII-T^+r log ||/ m+ '(X)| 



m+l 1 

~ Z ^ d f i 

m+l 
< 



log 



\\P +L (X)\\ 



\\P(X)\\ d f 



Y—M 



dt 1 

j=m J 

and hence -— - log ||/ m (X)|| is uniformly convergent on Vf. Similarly, — - log ||<7 m (X)|| is uni- 



d f 
formly convergent on V g 



d 



□ 
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4. Good reduction 

To check the convergence of a sequence of adelic metrics ({|| • ||l,«, to I v £ MK}) m >o, we need 
that (|| • \\L,v,m)m>o is trivial for all but finitely many v € Mr-. In this section, we check the concept 
"good reduction", which guarantees that local Green functions exactly equal to the local height 
function at all but finitely may prime spots. In Section 6, we will use this fact to show that the 
dynamical adelic metric id well defined. We refer [22[ [39] for details of good reduction. 

Definition 4.1. Let S = {f,g : A n — >• A ra } be a strongly regular pair of polynomial maps defined 
over a number field K. and let v G M^. We say that S have good reduction at v if 

(1) Every coefficient of f,g is a v-adic integer so that we can extend f,g to polynomial maps 
defined over O v : 

f v ,g v :Al v ^A% v . 

(2) deg f v = deg /, degg v = degg. 

(3) The pair of reduction maps {f,g} is jointly regular on P^ , i.e., f,g have no common 

K. v 

indeterminacy point on P^ . 

It is quite easy to find prime spots v which satisfy (1) and (2): if we find v such that every 
coefficient of / and g is a f-adic unit, then v satisfies (1) and (2). For the condition (3), we will 
find the equivalent condition using the Elimination Theory. 

Lemma 4.2 (Elimination Theory). Let k be a field, let k be an algebraic closure of k, let A be a 

commutative ring with unity, let f±, ■ ■ ■ , ft be homogeneous polynomials in A[Xq, ■ ■ ■ ,X n ] and let 
p : A —7- k be a homomorphism. We extend p to A\Xq, ■ ■ ■ X n ] by applying p to the coefficients of a 
polynomial. Then the followings are equivalent: 

(1) 

|p(r) | reA,r(X ,Xi,--- ,X n ) 1 c (/i, • • • f t ) for some I > l} = {0} 

(2) There is a P € P£ such that fi(X) = for all i = 1, • • • ,t. 

Proof See [321 1.5.7. A] or |41, Vol II, §80]. □ 

Proposition 4.3. Let S = {f,g : A n — > A ra } be a strongly regular pair of polynomial maps defined 
over a number field K. Suppose that S satisfies Definition \4- 1^ 1), (2) Then, the followings are 
equivalent. 

(1) S has good reduction at v € Mjf, i.e., S satisfies Definition \4.1^ 3). 

(2) As ideals in O v [Xq, ■ ■ ■ ,X n ], we have 

(X ,X 1 ,---X n ) iV c (X ,iq(X),--- ,F n (X),Gi(X),--- ,G n (X)) 
for some integer N . 

Proof. Take a set 

/ := {r £ a | r(X ,X lr - ■ ,X n ) 1 C (X ,Fi(X), ■ ■ • F n (X), Gi(X), ■ ■ ■ ,G n (X)) for some I > l} . 



EQUIDISTRIBUTION OF PERIODIC POINTS 13 

Then, Lemma 14.21 says that p{I) = if and only if Xq, F\, ■ ■ ■ , F n , G%, ■ ■ ■ , G n have a nontrivial 
common root in P^L. Thus, {f,g} is jointly regular if and only if there exists r € I D 0%. . D 

We will finish this section by showing that a strongly regular pair S = {f, g} has good reduction 
at all but finitely many v E Mk and the local Green functions are trivial if S has good reduction 
at v G M K . 

Proposition 4.4. Let S = {f,g ■ A n — )• A n } be a strongly regular pair of polynomial maps defined 
over a number field K . Then, there is a finite subset B of Mk such that S has good reduction for 
all v $lB. 

Proof. Let B be a set of prime places v such that v is archimedean or v satisfies the following 
conditions: 

• all coefficients of Fj, Gi,Pij,Qij,Rj, Ji are B- integers in Ok- 

• Let p v : (Ok)b —> k„ be the natural map. Then, 

deg/ = deg(>„(/)) and degg = deg(p v (g)). 

Then, for any v B, S v = {f v ,g v : A^ — > A^} satisfies Definition 14.11 (1), (2). Also, the second 
condition and the existence of Pij, Qij, Rj guarantee that S v satisfies Proposition 14.31 (2) so that S 
has good reduction at v . □ 

Proposition 4.5. Suppose that a strongly regular pair S = {f,g '■ A n — \ A n } of polynomial maps 
defined over a number field K has good reduction at v G M K . Then, 

(1) G f , v <log + \\-\\ v 

(2) G 9il ,<log+||-|[, 

(3) Gf tV > log+ || • ||„ on Vf >v>li i 

(4) G fjV > log + || • ||„ on Vg !V xi 

Proof. Suppose that S = {f,g : A n — > A n } has good reduction at v. Then, by Proposition 14.31 it is 
clear that all Fi,Gi,Pij,Qij, Rj,Ji have coefficients in O*, all coefficients in equalities in Section 3 
will be of the norm 1 and hence all inequality will be proved. □ 

5. The local Green functions at Archimedean places 

We only have finitely many archimedean places and hence the local Green functions need not 
be trivial. Still, we need the uniform convergence. Fortunately, we can prove the archimedean 
version of Theorem 13.21 by the triangle inequality so that we can prove the desired result. 

Theorem 5.1. Let K^ be an algebraically closed field with archimedean norm \\ ■ W^ and let 
S = {f,g '■ A n — )• A n } be a strongly regular pair. Then there are two open subsets Vf, V g of A n and 
constants Cf , C g with the following properties. 

(1) G f ,G g (X)<log + \\X\\ 00 + C 00 . 

(2) f(V f ) C V f ,g(V g ) C V g and V f UV g = A n . 



14 CHONG GYU LEE 

(3) G f (X) >log+ Halloo + C f onV f and G g {X) > log + {{X^ + C g onV g . 

Proof. Sibony |35j proved that a rational map has the local Green function at archimedean place. 
So, we don't worry about the convergence. 

(1) Let 1 1/| |oo be the maximum value of the coefficients of /. Then, 

log+ll/Wlloo^logM.H/lloollXl^ 

where M is thee number of degree q monomials of (n + l)-variables. 

(2) It is totally same with the proof of Theorem 13.21 with new constant Coo- 

(3) Let Pij, Qij and Rij are polynomials defined on previous section. Then, Theorem 13.21 (2.3) 
exactly works with new constant 

Coo = (2n + l)M m max{||P||oo, ||Q||oo, ||-R||oo, 1} 
where M m is the number of degree m monomials of degree m and of (n + l)-variables. 

□ 

Proposition 5.2. Gt is uniformly convergent on Vf and G g is uniformly convergent on V g 
Proof. By Theorem 15-H we can mimic the proof of Proposition 13.31 □ 

6. Equidistribution for strongly regular pairs 

In this section, we prove the equidistribution of small points for a strongly regular pair {/, g} 
such that deg/ = degg. The main idea is to build a sequence of morphisms made by product of 
iterations of / and g. Silverman |37j suggested the way of defining a morphisms from a jointly 
regular family of polynomial maps. In particular, if we have a jointly regular pair {/, g} with 
deg/ = deg g, we can easily make a morphism. 

Lemma 6.1. Let S = {f,g : A n — > A n } be a jointly regular pair of polynomial maps. Suppose 
deg/ = degg. Then, a polynomial map 

<P = ^s = (/, 9) ■■ A" ->■ A" x A", X ^ (f(X),g(X)) 

extends to a morphisms <ps '■ IP™ — > F 2n . 

Proof. Let X = (Xq, ■ ■ ■ , X n ). f and g are polynomial maps so that we can write 

f = [X$,F 1 (X) r .. ,F n (X)j, g=[X$,G 1 (X),.-- ,G n (X)} 

where Fi, G% are homogeneous polynomials of degree d = deg / = degg. 
Define a polynomial map 

0=(F 1 ,--- , F n , G u ■■■G n ): A n ^ A 2n . 

Then, since /, g do not share the same indeterminacy points, there is no common zero of {Fi, Gi}i=i,... , 
except trivial one. Therefore, <f> will extends to a morphism: 

%{X):=\Xi,F x (X\--- ,F n (X),Gx(X),--- ,G n (X)}. 
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□ 

The following Lemmas show that Lemma [6. II also works for iterations of / and g: we can define 

(fit tm qm\ : tOO. 

Lemma 6.2. Let £i> C2 : A n —> A n be polynomial maps and let H = P n \ A n be the infinity 
hyperplane. Then, 

deg(Ci o C2) < degCi • deg C2 if and only if d(H \ 1(d)) C /(C2). 

Proof. See [39j Lemma 7.8]. □ 

Lemma 6.3. Let S = {f,g ■ A" — y A™} be a strongly regular pair of polynomial maps defined 
over a number field K and let 1(f), 1(g) be the indeterminacy locus of f and g respectively. Then, 
I(f m )Cl(f) andL(g m )cL(g). 

Proof. Since S is strongly regular, we have 

deg(/o 5 ) < min(deg/,deg5), deg /, deg 3 > 2 and 1(f) D 1(g) = 0. 

Thus, we get 

deg(/ o g) < min(deg /, deg g) < deg / • deg g 

and hence 

f(H\I(f))d(g) 
by Lemma 16.21 Moreover, 

f(H\l(f))eH\l(f) 

because 1(g) C H and 1(f) D 1(g) = 0. 

Thus, by induction, f m (X) = f(f m - l (X)) is well defined and f m (X) 1(f) if X G H \ 1(f). 
Hence, we get 

H\L(f)cH\I(f m )- 

□ 

Corollary 6.4. Let S = {f,g ■ A n — > A n } be a strongly regular pair of polynomial maps defined 
over a number field K. Then, {f m ,g m } is also strongly regular for all m>2. 

Proof. The only difficult part of the proof is to show whether {f m ,g m } is still jointly regular. By 
Lemma [Qj we have I(f m ) C 1(f), I(g m ) C 1(g) and hence 

L(r)nL(g m )cL(f)nI(g) = ®. 

Rest of condition to be strongly regular are easy to check: 

• f m ,9 m are still algebraically stable and commutative. Also, deg J" 1 = (deg/)" 1 > 2, 
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• We have 

r(fog) < r(f) r(g) 



deg(fog) degfdegg' 
Moreover, /, g are algebraically stable. So we get 

r(/ m ) < deg f m ■ {0j) = r (/) m < oo- 
The degree condition is easily gained because because / o g = g o f: 
deg(f m og m ) = des(fog) m 

< {degfog) m 

< min(deg/,deg#) m 

= min(deg/ m ,deg 5 m ). 



Because of Lemma 16. II and Corollary 16.41 we can define a sequence of morphisms: 



□ 



Theorem 6.5. Let S = {f,g : A n —?■ A n } be a strongly regular pair of polynomial maps defined 
over a number field K such that deg/ = deg g. Define a polynomial map 

m :A n ^A 2 ™ X^(f m (X),g m {X)) forallm£N. 

Consider <p m as a morphisms from P n to F 2n . Then, the sequence {</> m } generates the dynamical 
adelic metric for S on Op«(l). 

Proof. Let L = Ofn (1) and L' = C F 2n (1) be ample line bundles on P n and P 2n respectively, let 1 1 ■ 1 1„ 
be the v-adic supreme norm on A^ and let {|| • ||i,«}, {[| • IIl'.u} be the standard adelic metrics on 
L and L' respectively. 

Let's construct a sequence of adelic metrics: because of Lemma 16. 11 

(j) m : P n ->• P 2n 

are morphisms of degree d m = degf m = degg m . Since (\? m L! is isomorphic to L® , we can choose 
an isomorphism 

a m : L® dm -► <b*L> 



and get a sequence of adelic metrics on L 



i 

\L,m,v — °~m ( Pm\\ ' \\L'v' 



n a -^A TP>2n 



More precisely, consider <f> m as a polynomial map between line bundles on P n and 

(t> m :L^ A n+1 -> L' « A 2n+1 

induced by the original morphism 4> rn : P n -> P 2n . Also, let X = (Xi, • • • , X n ) = [1,X , • • • , X n ] G 
A^ and let Y = (1,X , • • • X n ) G A^ 1 . 
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Choose a section s : P™ — > A n+1 and get 

||*HW*) = <<t>*J\s\\tv( X ) = IIM J(*) = HM*(*))I 



l 
I d m 



We say that an adelic metric {| | ■ | |z,, m } converges to {| | • | |l} if there is an open set U of Spec Ok 
such that || • ||L, m ,i; = II ' \\l,v for all v €. U and —r — rp — — uniformly converges to 1 for all v $■ U. Let 

II ' \\L,v 

U = B c where B is the finite set of primes found in Proposition 4.4. Then, 5 has good reduction 
at all v E U and hence we get 

ilog+ \\f(X)\\ v = ilog+ \\g(X)\\ v = log+ \\X\\ V = log | \Y \ |„ for all IeA| 

by Proposition 14.51 Moreover, since || • || v is the supreme norm and <j) m (X) = (f m (X),g m (X)), we 
get 

U m (Y)\\ v = \\(lJ m (X),g m (X))\\ v =max[max(l,\\f m (X)\\ v ),max(l,\\g m (X)\\ v )}. 

and hence 

n<uy)ik. = imir. 

Since X = [1, X\, ■ ■ ■ , X n ], we get 

s(X) = aY = (a{X),a(X)X 1 ,--- ,a{X)X n ) 
for some a € K . Moreover, because ||(/> m (y)||„ = ||y||jf", we get 

\\<f> m {s(X)))\\ v = |H|f • \\<t> m (Y)\\ v = ||a||f • \\Y\\f = \\s(X)\\i m . 
and hence 

OmiMiifepo = n<M s W)iir = u*poh„ = n S || L> (x) 

for all m > 1. 

Now, check the uniform convergence of the given metric at v $ U. Consider again <\> m : P™ — > P 2ri 
as a polynomial map 

<j) m : A n+1 -> A 2n+1 . 

Let 

vr : A n+1 \ {0} -> P n . 

Clearly, m sends the origin to the origin. Moreover, we have the following equality: 

iog||0 TO (yi)|| t ,-d m bg||yi|| 1J = bg||^ n (y 2 )|| t ,-ef n tog||y2||« 

if 7r(Yi) = 7r(Y"2) because y = a • Y% for some a G iC* and </> m consists of homogeneous polynomials 
of degree d m . Therefore, the value of log ||^> m (s(X))||„ — d m log ||s(X)||„ only depends on X, 
independent of choice of sections s : P n — > L. Thus, choose an arbitrary section s : IP™ — > L and 
define continuous functions 



T~m,v(X) 



bgO-m^mllslliT -logHsHi,,, 



(X). 



18 CHONG GYU LEE 



Now, we only have to show that r mv is uniformly convergent on P n for all v G" U: if it is true, then 
we have the uniform limit of semipositive adelic metrics 



' ' \L,vi 



|| • \\l,oo,v = lim exp(r™,«) 

\m— ¥00 

which is also semipositive. 

Claim 3. {jk >v } is pointwisely convergent on P^. 

Proof of Claim\^ If X G A~ then, we easily get the limit: 

lim T m , u (X) = exp \max(GfjX), G 9jV (X)) /log 4 " \\X\\ V ] . 
Suppose that X G H = P^ \ A^L Then, we have three cases: 

Xel(f), Xel(g) or X? 1(f) U 1(g). 
Recall Lemma 16.21 since /, g are algebraically stable, we get 

f(H \ 1(f)) C 1(g) and g(H \ 1(g)) C /(/). 

In particular, / sends 1(g) to 1(g) so that we can consider / as an endomorphism on 1(g). 
Case 1 : X £ 1(f) or X G 1(g). 

If X = [0,Xl, • • • ,X n ] G /(/), then F;(X) = for alH = 1, • • • ,n. Moreover, since I(f)nl(g) = 
and <?(# \ /(</)) C !(/), we get g m (X) G /(/) for all m > 1. 

Let Y = (0,X ,--- ,X„). Since f(Y) = (0, ■■ ■ ,0), we get 

4>m(Y) = (0,f m (X),g m (X)) = (0, (),••• ,o,g m (x)) 
so that 

io g ||^ m (y)||„ = iog|| 5 m (x)||,. 

Lemma E3] says that deg(/ o g) < max(deg/mdeg(7) guarantees that 

g(l(f))cg(H\H)cI(f). 

Since /(/) is a union of subvarieties, we have the following height equality [38, Theorem B.2.7]: 
there is a constant C\ such that 

(I) \h(g(X)) - deg<? • h(X)\ < C u |log \\g(X)\\ v - deg<? ■ \og\\X\\ v \ < C x for all X G /(/). 
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I') 



Therefore, {r m ^} is a Cauchy sequence: by telescoping sum, we get 



1 



d 

Af-l 

j=m 
Af-l 



iog|[<^ m (y)||„ -iog||y||„ 



d M 



\og\\4> M (Y)\\ v -\og\\Y\\ v 



dj+ l 



io g ||0 i+ i(y)||,,-iog||y| 



iog||^(y)||„-io g ||y||„ 



^ Y, imH\\9{9 J (X))\\ v - degg -logWg^X^l 



3=m 
Af-l 



< 



E^+T^ 1 - 



3=m 

Similarly, we have the same result if X G 1(g)'- there is a constant C2 such that 
(J) |fc(/(X))-deg/-fc(X)|<Ci, |log||/pO||„ -deg/-log||X||,,|<C 2 

and 



iiog||^ m (y)|| i; -iog||y||^-^iog|^Af(y)ll,-iog||y| 



< 



Af-l 
j=m 



Case 2: X# 1(f) U 1(g). 

Then, f(X) e 1(g) and g(X) G /(/). Then, /(X) G I (3) and #(X) G 1(f). So, both ([I]) and 
(jj|) hold. Moreover, we have 

log ||<My)||„= ^g 11(0, f m (X),g m (X))\\ v = max (log ||/ m (X)||„ log \\g m (X)\\ v ). 

Therefore, we get 



1 



io g ||0 m (y)||„ -io g ||y| 



1 
dF 



iog||0 M (y)ii«-iog||y||„ 



Af-l 



- Yl ^ TT max(Ci,C 2 ). 



j=m 



D 



By Claim [3l r m>v is pointwisely convergent. Thus, if it is uniformly convergent on a dense 
subset of P n , then it is uniformly convergent on P n . (See |24|.) Thus, we only have to show that it 
is uniformly convergent on A n . 

Define new polynomial maps 

$ := (f,g) : A n x A n -+ A n x A n 

9 := (gj) : A n x A n ^A n x A n 
i:A n ^A 2n , X^(X,X) 
Then, {<!>, ^} is a strongly regular by Definition ll.il 

. j($)n/(*) = {[o,x 1 ,... ,x n ,x' x ,;X' n }\%x x ,--- ,x n ],[o,x' x ,--- ,x' n }Gi(f)ni(g)} = $ 
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• Let Z = (X, X') € A 2n . By Theorem ELS we have 

Him) s «/w) + mx')) > ^w) + JL**) > 2max(r ( /)ifM) M Z ) 

for all Z E A 2n . Thus, c(*),c(W) < |max(r(/),r(s)) < oo 

• deg $ = deg ^ = deg / > 2 

• $o$ = (/o 9 ,jo/) = (jo/,/o 9 ) = $o$ 

• <fr, Vf are algebraically stable. 

• deg $ = deg / > deg(/ o g) = deg(<3? o ^) 

Remark that if /, g are iterations of a regular polynomial automorphism and its inverse, then they 
are regular polynomial automorphisms again and hence they have finite .D-ratios so that we can 
use Definition 12.41 

Therefore, for any v £ Mk, there exist two positive integers e, 5 such that 

(K) V*^ U V 9>Vte , s = A 2n 

where 

V* = V* tVie , s ■= <Z= {X,X') e A n x A n I \\Z\\ V < - or max{||$(Z)|| v , 1} > <5max{||Z||^ 1}| 

and 

Vv =V %V)6tS = Iz = (X,X') € A n xA" | \\Z\\ > - or max{||*(Z)|| v , 1} > <Jmax{||Z||£, 1}| . 

By definitions of <& and t, we get 

\\&(Z)\\ V = m a x{\\f(X)\\ v ,\\g(X')\\ v } where \\Z\\ V = max{\\X\\ v , \\X'\\ V } 

and 

\\^(X))\\ v =ma X (\\f(X)\\ v ,\\g(X)\\ v ) = \\*(t(X))\\ v . 

By (|K|) . t(X) = (X, X) € V# |Vj6)( j or (X,X) £ Vy v ^s- Moreover, by definition of <3? and *, we have 

||$( t (X))= m a X (||/(X)|| v ,|| s (X)||„)=max(||g(X)|| 1; ,||/(X)||„) = ||^( t (X))||„. 

Thus, if t(X) € V^r v>€: s, then t(X) € V$ v>€: s too by definition of V$ and V^. Furthermore, VpUV^ = 
A n so that t(X) should be contained in one of them. Hence, 

(x,x) £V*nv*. 

So, ——log ||<J> m (t(X))|| — log ||i(X)|| is uniformly convergent on i(A n ). Furthermore, because 

4> m = <5> m O L, 

we have the following: a sequences of continuous functions 

T m , v {X) = (—loga* m (p* m \\-\\ LtV -log\\-\\ L:V J(X) 
= G , v (X,X)-log\\-\\ L ,, v (X,X) 
is uniformly convergent to a continuous function r v on A n . 
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Therefore, we have the semipositive metric 

^ f ll-IU ifve u 

1 1 \L,oo,v — \ 

j 1 1 • 1 1 L ■ e Tv otherwise 
onL = P n(l). D 

Now, the existence of the dynamical adelic metric allows the equidistribution. 

Theorem B. Let S = {f,g : A n — > A n } be a strongly regular pair of polynomial maps defined 
over a number field K such that deg / = degg. Then, we have the equidistribution of small points: 
let {x m } be a generic and small sequence on F^ with respect to the arithmetic canonical height 
function hs- Then, for any place v € Mk, there is a probability measure fis,v on Berk(P^ ) such 
that a sequence of the probability measure on the Galois orbit of x m weakly converges to ^s,v 

Proof. Theorem 16. 51 savs that we have that the semipositive dynamical adelic metric. Therefore, by 
Yuan's result (Theorem l2.ip . we have the equidistribution of small points with respect to Opn(l) = 
(Opn(l), |j • \\o V n(i),oo)- D 

7. Application to regular polynomial automorphisms 

In the previous section, we have the equidistribution of small points for the dynamical system 
of a strongly regular pair of affine morphisms having the same degree. In this section, we will apply 
this result to regular polynomial automorphisms. As stated in introduction, {/, f" 1 } is an example 
of a strongly regular pair, but not of the same degree: 

Example 7.1. Let f be the following regular polynomial automorphism of degree 8 

f{x 1 ,x 2 ,x 3 ,y 1 ,y 2 , 2/3, Va) = (^3,^1 + x\, x 2 + xj,y 2 - y\, y 3 - (?/2 - vlf ', 2/2 - (j/3 - {V2 - yf) 2 ) 2 , Vi)- 

Then, its inverse is of degree 4; 

f~ l (x,y,z) = (y-x 2 ,z- (y - x 2 ) 2 ,x,y 4 ,y 1 + yj,y 2 + y\, y 3 +2/1). 

The following proposition says that we can get a strongly regular pair of the same degree by 
choosing appropriate iterates of / and / -1 : 

Proposition 7.2. Let f : A n — > A n be a regular affine automorphism with the inverse f^ 1 and let 
L(f),L(f~ 1 ) be indeterminacy loci of the meromorphic extensions of f and / _1 on P^- respectively. 
Let l\ = dim/(/) + 1 and l 2 = dim/(/~ 1 ) + 1. Then, 

h + l 2 = n and deg/' 2 = deg/ _/l . 

Proof. See |35t Proposition 2.3.2] or |39^ Theorem 7.10]. □ 

Lemma 7.3. Let f : A n — > A n be a regular polynomial automorphism with the inverse / _1 and let 
h,l 2 be positive integers defined in Proposition \ 7. £[ Then, {f l2 , f~ ll \ is a strongly regular pair. 
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Proof. It is clear that /, / _1 is algebraically stable and r(/ n ) = deg f n -degf~ n Also, by Lemma [631 
we have I{f 2 ) C /(/) and I(f~ l1 ) C /(Z" 1 ). So, it is enough to check the degree condition. 
Because Proposition 17.21 deg/^ 1 = deg/ - ' 2 . Thus, 

deg(/ 2 of~ h ) = deg(f h - h ) < min(degr'\deg/ 2 ) . 

□ 

So I/' 2 ,/ - ' 1 } has the dynamical equidistribution of small points. Especially, we want to show 
the equidistribution of periodic points, which means we want to find a generic and small sequence of 
periodic points. It will be done by proving that Per(/) is Zariski dense. We will modify Fakhruddin's 
proof for polarizable morphism case [15], using Fornaess & Sibony's result in complex dynamics 

pzj. 

Theorem 7.4. Let JC be an algebraically closed field and let ipx,ip2 '■ Pjc ~* ^K ^ e mor phisms. 
Suppose that deg^i ^ deg ^2- Then 

is a finite set. 

Proof. See [HI Theorem 3.1]. □ 

Theorem C. Let f : A ra — > A n be a regular polynomial automorphism defined over a number field 
K. Then, the set of periodic point is Zariski dense. 

Proof. Let K be a finitely generated field over Q containing all coefficients of /. It is enough to 
show that Per(/) is Zariski dense on P^L 

Lemma 17.31 savs that {g\ = f l ' 2 ,g2 = f~ l1 } is strongly regular of the same degree. Also, 
{9™ id™} ^ s strongly regular with the same degree for all natural number m by Corollary 16.41 
Define a sequence of morphisms; 

<j> m {X):={g?{X),g™{X)). 

Let IB be a finite set of places such that {(71,52} have good reduction at v £ B. Then 4>i also 
has good reduction. Let k = kt, be the corresponding residue field. Consider a morphism 

1 : Pjg- — > P^ n , [Xq, Xi, ■ ■ ■ , X n ] !->■ [Xq,Xi, • • • , X n , X\- ■ ■ , X n ]. 

Then, by Theorem 17. 4\ we have finite sets 

A m = A m , v := {IeP^| £n(X) = T(X)} 

inP" 
k 

Let I = \l\ — Z2I and pick a point 

X € Per im (j% = {X e A£ | f lm (X) = X'}. 

Then, we have 

g\ m (X) = f mh (X) = r ml2 {X) = g 2 m (X). 
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So, 

Pev lm (f) v C A m . 
Moreover, 

is still an automorphism for any finite extension k' of k. Thus, all points are periodic points: 
Per(/),, = A£ 

Therefore, the union of A m contains a Zariski dense subset of P~; 

A%c\jA m . 

Now, let Wi, W2 be arithmetic models of P^ and P^ 1 , let (f) m , t be extensions of m and t and 
let 

An = {X G Wl I #*(*) = fc A (#)}- 

It is a nontrivial subvariety of Wi- And, it cannot be of dimension because it contains points in all 
but finitely many special fibers of W, where /, / _1 have good reduction. Thus, it is of dimension at 
least 1. But, each fiber only contains finitely many intersection with A m , which is A m ,v Therefore, 
(J A m consists of infinitely many horizontal sections whose intersection with all special fibers over 
B c are Zariski dense. Hence, (J A m consists of infinitely many horizontal sections whose intersection 
with all fiber, especially with the generic fiber, are Zariski dense. □ 

Corollary 7.5. Let f : A n — > A n be a regular polynomial automorphism. Then, there is a generic 
and small sequence {x m } C Per(/). 

Proof. Because of Theorem C, we can find a generic sequence {x m } C Per(/). So, we only need to 
show that it is small: let L = (Op™, || • \\s) be the metrized line bundle with the dynamical adelic 
metric defined in Section 6 and let hj; be the corresponding arithmetic height. Because h-^{x m ) = 
if x m G Per(/), we only have to show that h^(P n ) = to claim that {x m } is a small sequence. 
Theorem 1.10] says that 



_ 1 n _ 

ei(L)>/i r (I")>~J>(L) 

where 



n . 

4 = 1 



e{(L) = sup inf /i-^(X). 

jycp™ XeP n \W 
Codim W=i 

By Theorem [TJ Per(/) is Zariski Dense in P ra and hence &i(L) = for all i = 1, • • • ,n and hence 
h T (F n ) = 0. □ 

Now, we can prove the desired theorem: 

Theorem A. Let f : A n — > A n be a regular polynomial automorphism defined over a number field 
K and let v G Mr- Then, there exists an f -invariant probability measure fj,f jV on Berk(P^ ) such 
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that the set of periodic points of f is equidistributed with respect to Hf, v : let {x m } be a sequence of 
periodic points of f such that \{x m } fl W\ < oo for any proper subvariety W ofF n . Then 



■ y 5 V weakly converges to ut v 



ordx m 

yer xm 

where T Xm is the Galois orbit of x m and 5 y is a Dirac measure at y. 

Proof. By Corollary 17,51 we can fi nci a generic and small sequence consisting of periodic points 
of /. Thus, by Theorem B, we have the equidistribution of periodic points of / with respect to 
Hf,v = ^{fh ,f-h},v ^ 

Corollary 7.6. \it v in Theorem A is f -invariant measure. 

Proof. If {x m } is a generic and small sequence, then so is {f(x m )}. Also, fT Xm = Tf( Xm )- Therefore, 

/ </>f*(J>f,v = <t>° fV>f,v = lim Yl 0° f 6 y = lim X] / ^ S f(.v) = / ^fv 

ytr*m J !{y)& f(Xm) J 

U 

If n = 2 and i>oo, then fJ,f >00 = /z+ A fi- by [7]. If / is a shift-like automorphism on C n and 
h,h are integers defined in Proposition 7.1, then [ij, u = /j,£ A[il by [8]. Recently, Dinh and Sibony 
showed it is true for any regular polynomial automorphism: 

Theorem 7.7 (Dinh-Sibony). Let v € Mk be an archimedean place. Then \it v in Theorem A is 

where /x +; /x_ are the Green currents defined by fjf^ 1 and l±,l2 are integers defined in Proposi- 
tion 7.1. 

Proof. We can find the complete proof in |14j . Or, we check the following fact in the next section 
briefly: 

Hf tV = (dd c G s ) n - 
Since / is regular, we have 

(dd c G s ) n = n% A i& 

by [13 Proposition 2.9]. D 
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